Abstract-A no-load induction motor under static eccentricity is modeled using time stepping finite element (TSFE) method; current, torque, and speed signals of the motor are obtained by finite element method (FEM) and used for static eccentricity fault diagnosis and analysis. The frequency spectrum analysis of the stator current around fundamental frequency component is used to predict the static eccentricity. Noise, unbalanced magnetic pull (UMP) and arc occur during the starting of the faulty motor, therefore, performance of the motor over the period of starting up to the steady-state is investigated. It is shown that the rate of obtained signals from the constant permeability based analysis is very larger than that of the real case. It is indicated that in order to obtain accurate results the saturation must be taken into account in the analysis of the motor. Simulation results for a 3 hp, three-phase, 230 V, 36 stator slots induction motor with 28 rotor slots are given in this paper. Experimental results for the motor confirm the simulation results very well.
INTRODUCTION
Nowadays induction motors are widely used as the most common variable speed drive. The reasons are high reliability, high efficiency and good performance of the motor. Performance of a faulty motor disturbs the operation of the motor and also shortens its lifetime. Hence, diagnosis and detection of the faults make it possible to improve the performance of the motor and enlarge its life time [1] . The most important benefit of the fault diagnosis of the motor is that it makes possible to estimate the approximate time of the damage and even to determine the part causing the fault by on-line analysis of the parameters variations. Meanwhile, the fault diagnosis methods form an important part of the basis of the modern management system such as artificial intelligent systems [2] .
Many electrical and mechanical faults in the no-load operation of the motor lead to the eccentricity between the rotor and stator which show the importance of the eccentricity fault diagnosis. Performance of the motor due to the variations of the parameters (in faulty case) is predicted using the magnetic field distribution within the motor. Change of field distribution of a faulty motor, compared with that of the healthy motor, not only decreases the quality of the steady-state and dynamic performances of the motor, it also changes the parameters of the motor. It means that fault type may be diagnosed by simulation without carrying out costly tests.
Since 20 years ago, a continue effort has been devoted to the investigation of faults of ac drives which have been reported in [3] . There are different methods for analysis of a faulty motor; however application of these methods requires revision of the proposed assumptions and basic equations. For instance, when all harmonics contents of the air gap magnetic field are ignored, it is not expected that all the fault conditions of the stator winding or broken rotor bars be included in the model. Generally, the methods that use simplifying assumptions in the complicated electromagnetic and electro-dynamic equations of induction motor cannot include the fault conditions. Modeling and analyzing induction motor are important from steadystate and dynamic point of views. Different methods of analysis of induction motor that are capable to predict the behavior of the motor under eccentricity, broken or cracked rotor bars consists of: 1) magnetic equivalent circuit (MEC) method, 2) finite differences method (FDM), 3) winding function method (WFM) and 4) finite element method (FEM). Of course, there are some simple methods that capable to analyze induction motor in special conditions with rather low accuracy.
Here full and precise methods are introduced.
In the MEC method, the equivalent magnetic circuits of all parts of the machine including the stator slot, rotor and stator yokes, air gap, stator windings and rotor bars are proposed. These individual magnetic circuits are then connected to each other based on the directions of the magnetic fluxes. The nodes of this circuit are the scalar magnetic potentials of different parts of the machine [4] . The MEC method is unable to take into account the effects of spatial harmonics due to the non-linearity of the ferromagnetic materials, topology of the machine, winding design and also time harmonics as a result of inverter application. Complexities of the precise mathematical model of induction motors are always considered as the most difficult task in the fault diagnosis [5] . In fact, simple models such as MEC and dq0 (d and q are the direct and quadratic axes of the generalized model of the motor) are unable to diagnose electrical and mechanical faults precisely.
In the FDM, the governing differential equations of the motor are substituted by algebraic difference equations and they are then solved to obtain the magnetic field distribution within the motor. This method has an upper limit for the accuracy of the solutions.
The WFM uses electrical circuit coupling with magnetic circuit and compiles: the equations of the loop flux, stator winding currents, rotor bars current and motor voltages. These equations are expressed in respect to the stator windings and rotor bars resistances, and their self-and mutual-inductances. The next step in the application of the WFM is the computation of the mutual inductance between the stator windings and rotor bars. Winding function theory ignores the magnetic saturation. It is noted that the steady-state current, torque and speed in the cases of constant permeability and magnetic saturation are very close, because the operating point of induction motor places on the knee of the magnetization characteristic. However, induction motor saturates due to rapid changes of current and slip during the starting, and analysis under a constant permeability leads to very rapid changes of the current, torque and speed rate which differ with the practical case. This is more evident when induction motor under fault is analyzed. In the other methods that neglect the saturation, a large difference between the results for a constant permeability and real case exists. In spite of this, in the abnormal cases of a squirrel-cage rotor or due to other faults such as broken rotor bars or asymmetry of the air gap, estimation of the core losses is too difficult by the WFM.
Generally the above-mentioned methods have three basic deficiencies: First, variations of the magnetic permeance of air gap cannot be modeled when slots present. Second, locating saturation instantaneously in respect to the time average magnetic resistance cannot be modeled. Third, the rotor movement is not continuously recorded [2] . A proper and precise method for solving these problems is numerical method.
In decades 70th, the FEM progress leads to a wide application of the method in electrical engineering. In decades 80th, the FEM found applications in design, control and fault diagnosis of electrical machines. In spite of this, the full solution of magnetic field needs a very long computation time. This as well as configuration are the reasons for rare use of the FEM in the eccentricity diagnosis.
The reasons for long computation time in the motor with eccentricity are: 1) symmetry in the healthy induction motor, which reduces the computation time, non-exist in the faulty motor, 2) eccentricity of the air gap leads to considerable harmonics in the rotor current waveform. These harmonics do not take into account in the initial guesses of the machine analysis and this takes a long time [6] .
The finite element method (FEM) has been widely used during the last two decades in the electromagnetic analysis [7] [8] [9] [10] [11] [12] [13] [14] . In 1992, time stepping finite element (TSFE) method was used for modeling, analyzing and predicting induction motor performance [15, 16] . The method has taken into account actual features of the motor. Latter, between 1992 and 1999, this method was employed to analyze a faulty motor [2, [17] [18] [19] [20] [21] . However, TSFEM requires a large computer memory and long computation time. This is the reason for using a combination of TSFE and state-space method called time stepping finite element coupled state space (TSFESS) method for modeling and analyzing induction motor performance [5, 22] . The method was then used to predict and analyze an induction motor under fault and broken bar conditions. For simulation using TSFE method, the initial positions must be properly estimated, because numerical convergence of the winding currents depends on the good estimation of the initial positions. It is particularly true when an inverter-fed motor in noload case is considered. Meanwhile, this method uses the FEM for computation of inductance and the rest of computations and analyzes are carried out using the state-space method [23] [24] [25] [26] [27] . There are two significant points in FE methods application in the analysis of induction motor under fault: firstly in the FE used for such analyzes, input of the equations is current density, secondly, the published papers have been so far dealt with the steady-state mode [28, 29] . Eccentricity in induction motor generates harmonic currents in the stator current and ignoring these harmonics leads to invalid results in the analysis of a faulty motor. It is necessary to note that the aim of fault diagnosis in induction motor in many researches have been to analyze the stator current for detection of the increase of the amplitude of the harmonic components or detection of new harmonic components due to the fault in the stator current. Therefore, the stator current must be estimated as the major variable in the analysis of a faulty induction motor. To solve this problem, TSFE-SS technique has been introduced in [23] [24] [25] [26] [27] where the winding current is calculated in a state-space and used as input of the FE equations; then inductances of the machine are calculated using FEM and used as input of the state-space equations. This process continues up to convergence which depends upon the proper estimate of the initial values of the rotor current and rotor position. Secondly, FEM has been only used for inductance calculation and remaining computations and analyzes have been carried out in the state-space. This means duality in the precision of computations and analyzes which complicates the application of the FEM for analysis of the faulty induction motor. Therefore, the commercial software's capable to couple the electrical circuits and FEM, can be employed.
In this paper, modeling of faulty induction motor taking into account the spatial distribution of the stator windings, slots on both sides of the air gap and topology of the non-linear magnetic circuits is proposed. This removes the problems and short comes of the lumped parameter based models. Meanwhile, considering the nonlinear behavior of the ferromagnetic materials in this modeling can eliminate the difficulty of the winding function in the fault analysis of the induction motor.
This paper uses the TSFE with voltage-fed, for analysis and detection of the static eccentricity fault. In this method, the inputs of the FE equations are the terminal voltages of the motor and stator phase current is the unknown value. So, all signals and variables have been calculated by FE with a very high accuracy and there is no need to couple the FEM and other environment such as analytical methods.
Following the simulation and computation of the stator current signal by TSFE method the spectrum analysis of the stator current over low frequencies (around fundamental component frequencies) has been carried out.
Since noise, unbalanced magnetic pull (UMP) and arc occur during the starting of the faulty motor, therefore, performance of the motor over the period of starting up to the steady-state is investigated. It is also shown in this paper that the variation rate of the signals obtained from the constant permeability based analyses are much larger than the relevant rates observed in results considering magnetizing curves. It is shown that in order to obtain accurate results the saturation must be taken into account when this analysis is carried out.
TRANSIENT ANALYSIS OF A FAULTY INDUCTION MOTOR
FEM can be used for steady-state analysis of induction motor under eccentricity fault. It is also possible to analyze the transient behavior of induction motor by the FEM. This is required in the control of induction motor in order to obtain the optimal time response.
Meanwhile, the transient analysis of the motor is required for online fault diagnosis of the motor. A voltage-fed three-phase induction motor is analyzed from the starting up to the steady-state mode in which the continuous motion of rotor is proposed using TSFE method. The FE matrix equations, electric circuits equations and electromechanical equations are solved every step. The couple solver part of Opera-2d is used in order to allow the user to study the transient behavior of the motor.
There are three fundamental parts in the transient analysis of induction motor: 1) modeling of motor, 2) connecting electrical circuits and supply modeling and 3) electromechanical connections.
Modeling Squirrel-cage Induction Motor
The proposed three-phase squirrel-cage induction motor, with crosssection shown in Fig. 1 , is modeled taking into account the properties of the various parts including stator, rotor, shaft, rotor bars and air gap. Table 1 summarizes the specifications of the proposed induction motor. Meanwhile, a special attention is paid to the moving parts of the motor, because magnetic forces and positions influence, in turn, the magnetic field within the motor. In the model, the voltage is applied as input and the total current is the unknown value. The transient equations of the external circuit that show the electrical supply and circuit elements are combined with the equations of the FEM. Also the motion equations are combined with the field equations of the FEM. Finally, in the moving electromagnetic systems, it is necessary to introduce the speed in the equations.
The equation which covers this section is as follows:
Using a reference frame which is assumed constant under the study part, the relative speed v is expressed as follows:
In the FE analysis, such reference frame is created by placing a mesh on the surface of the moving part and movement or transformation occurs only within the elements that are placed around the moving element [30] .
Connecting Electrical Circuits and Supply Modeling
All rotor bars and stator conductors that have been presented in the circuit model are shown using the real constants in the FEM. 
where J and A are taken to be in z direction and independent of z. The current density is as follows:
where gradient of V b in z direction has amplitude V b /l. The first term in the right hand side of (4) shows the current density due to the power supply. The second term shows the induced current density and the third term indicates the produced current density by the series voltage. It is not practically possible to separate its different parts due to mathematical concept of (4). Therefore, the time-dependent magnetic propagation equation is as follows:
Using a reference frame which is considered constant in respect with the element under study, the relative speed v is zero and (5) is simplified as follows:
For combining the circuit and field equations, it is necessary to calculate the total current of every conductor. This is done by integration of (6) over the cross-section of the conductor as follows:
A matrix is used to represent a general circuit which has voltage source (V b ), impedance (Z) and inductance (L), where:
There is a network equation per network "loop" and a component may be a member of more than one loop. The non-linear equation that can relate the FE equations expressing the electromagnetic fields of the machine with the circuit equations is as follows:
Solution of (9) 
where ω is the equivalent of input angular frequency.
Electromechanical Connections
The developed electromagnetic torque of the motor is as follows:
where, n is the unit vector normal to the contour, r is the vector pointing from the axis rotation to a point on the contour. The discrete developed electromagnetic torque is obtained as follows:
where r is the radius of the contour, n is the number of elements passed the contour over a pole pitch, B r and B θ are the normal and tangential component of the magnetic flux density in each element respectively. The induction motor motion equation can be expressed as follows: Figure 2 presents the flux lines distribution within the healthy and faulty induction motor at the starting and steady-state operations. As shown in Fig. 2(a) , the reason for asymmetry distribution of the flux are the rapid changes of the slip at the starting and also eddy current in the rotor bars. When the motor approaches the steady-state mode, the flux distribution becomes symmetrical as shown in Fig. 2b. Fig. 2c presents the flux distribution within the faulty motor. There is also asymmetry due to the fault (Fig. 2d) in the steady-state operation. When the eccentricity occurs, the air gap field that consists of the fundamental component, stator and rotor mmf harmonics and stator and rotor slot permeances, will have new harmonic components due to the fault. Therefore, flux distribution in faulty motor under static eccentricity is distorted. This fact has been shown in Fig. 2a-Fig. 2d . In addition to the above-mentioned reasons for asymmetry distribution of the flux in the healthy motor, eccentricity injects harmonics currents in the current of the faulty motor. Figure 3 and Fig. 4 show the time variations of an induction motor noload current with constant permeability and considering magnetization characteristic for the healthy and faulty cases respectively. Comparison of Figs. 3(a), 3(b) with the corresponding Figs. 4(a), 4(b) indicates that the static eccentricity causes unbalance stator current. Also comparison of Fig. 3 and Fig. 4 shows that this unbalance current is very larger for the constant permeability case. The reason is the high saturation during the acceleration of the induction motor. If this saturation is ignored, the air gap flux density distribution will be very large. This is clearer when a fault occurs. Therefore, the rate of variations of the health and faulty induction motor are also very larger than that case in which the magnetization characteristic is included. As seen in Fig. 2 , static eccentricity leads to asymmetrical magnetic flux distribution of the motor. Meanwhile, static eccentricity injects harmonics with particular frequencies into the air gap magnetic flux density distribution. These frequencies depend on the position and numbers of slots, static and dynamic degrees. Also rotating flux waves induce the currents with the same frequencies in the stator. Therefore, for static eccentricity diagnosis, a current spectrum analysis must be carried out.
MAGNETIC FIELD ANALYSIS

STATOR CURRENT ANALYSIS
SPECTRUM ANALYSIS OF STATOR CURRENT
The first stage of investigation is sampling the current or converting analog signal to digital signal. It is noted that the large rate of sampling makes the sampled close to the real signal. In such a case the data and processing will be higher. Considering the sampling method and according to the Nyquist law for sampling, the sampling frequency must be at least twice the maximum available frequency.
Since the frequency components of the actual signals are distributed and generally the maximum frequency components are unknown, and also a limited spectrum of the signal is frequently proposed, in order to present the folding or similarity, a low-pass filter with cut off frequency equal to f cut is used at the input. f cut is determined based on the proposed frequencies at the input signal. Under static eccentricity, many harmonics are injected to the stator current and amplitudes of the harmonic components are increased by fault increment. Therefore, for signal processing of the stator current of the healthy and faulty motor, spectrum analysis of the stator current signal is necessary Analysis of the stator current spectrum for diagnosis of the static eccentricity using harmonic components around the fundamental component, existing harmonics of the slot harmonics, called principle slot harmonic (PSH), are necessary for eccentricity fault diagnosis. Generally, equation due to the slot fundamental harmonic and harmonics connected to the static and dynamic eccentricities is as follows:
where n d is the eccentricity degree which is equal to zero for the static eccentricity and equal to 1, 2, 3, . . . for the dynamic eccentricity depending on the eccentricity degree. K is an integer, P is the number of pole pairs, R is the number of rotor slots and η is the harmonic order 1, 3, 5, . . . . If n d = 1, K = 0 and η = 1, (14) will be simplified as follows:
where K = ±1 ± 2 ± 3, . . . . These harmonics, located around the fundamental frequency of the supply are due to the mixed eccentricity. Therefore, the mixed eccentricity injects harmonic components with pattern f s ± Kf r into the stator current. The fundamental harmonic is obtained for K = 1. These harmonics must be searched around the fundamental frequency component. Figures 5(a) and 5(b) show the simulated and tested frequency spectrum of the stator current for a healthy motor. According to these figures, amplitudes of harmonic components f s − f r and f s + f r are −78 dB and −79 dB respectively. Referring to Figs. 6(a) and 6(b) confirms that a 41.37% static eccentricity increases the amplitudes of harmonics f s − f r and f s + f r to −55 dB and −57 dB respectively which can be used to diagnose the static eccentricity fault. Under static eccentricity fault, the air gap field, which includes the fundamental components of the stator and rotor flux, stator and rotor slot permeance produces more harmonic components because of the faults; consequently the fundamental harmonics of the slot in the phase current against the air gap asymmetry increases, so harmonic contents in the stator phases currents will be increased. Table 2 summarizes the sideband components at frequency f s ± kf r for the healthy and faulty motor under different static eccentricity degrees. 
ANALYSIS OF FAULTY MOTOR PERFORMANCE
Simulations are carried out for an unsaturated and saturated magnetic circuit of an no-load induction motor with different degrees of static eccentricities. In most available analyses of the eccentricity in induction motor, the saturation effect has been neglected, but a comparison of the analysis for two cases indicates that there are three large differences between the saturated and unsaturated cases. In the healthy induction motor at stall, the input of the motor is the stator resistance and leakage reactance in series with the resistance and leakage reactance of the rotor. Consequently, the applied full voltage produces a very large starting current. Since at the beginning of the starting, speed fluctuations are very large, the slip varies severely and therefore the time variations of the torque have many ripples. However, by passing the time, it approaches the rated speed and slip tends to its rated value. At the same case, dc components appear in the torque/time profile. Time variations of the current will be sinusoidal with the rated amplitude. The increase of the harmonic components of the stator current increases the rate of the changes of electromagnetic torque compared with that of the healthy motor. Figs. 7 and 8 present these cases. Also simulation results show that the motor with different degrees of eccentricities approach more quickly the steady-state mode compared with the healthy motor. As shown in Figs. 3-6 , this leads to a higher starting current compared with the healthy motor. The higher current in the eccentricity case generates a higher torque. The reason for increasing the starting torque is related to the increase of the mutual inductance between the stator and rotor. Consequently, the rate of energy and electromagnetic torque increase compared with that of the healthy motor. Fig. 9 shows the time variations of the speed in the above-mentioned degrees of the eccentricities. Comparison of the current, torque and speed curves in the two above cases shows the importance of including the saturation in the computations. If saturation is neglected, starting current as well as flux density will be high, this particularly clear in the teeth. Reduction of the reluctances of different parts of the stator and rotor and also their teeth lead to a considerable increase of the magnetic potential of the teeth and this causes a high starting torque. When saturation is included, core saturates due to the high starting current which in turn reduces the magnetization inductance and stator self-inductance. So, reluctances of the stator and rotor teeth increase and magnetic potential and consequently starting torque decrease considerably. As shown in Figs. 8(a) and 8(b) , the torque has less variations and amplitude compared with the linear magnetic circuit case. Also current Fig. 9(b) ), characteristics show that, the variations are less compared with those obtained with constant permeability.
CONCLUSIONS
Induction motor under static eccentricity was studied using TSFE method where voltage supply was used as input of the FE computation part. This technique could solve the problems and complexities in application of FE with current density as input. All analyzes were carried using FEM which led to a very high precision. Static eccentricity fault in induction motor was diagnosed using stator current spectrum analysis. It was shown that static eccentricity fault can inject large harmonics to the stator current; particularly f s − f r and f s + f r harmonics were considerably increased. It was proved that the rate of the electromagnetic torque of the faulty motor is increased during the starting period compared with that of the healthy motor. This could largely increase noise and UMP in the motor. It was shown that the fault develops higher starting torque and at the same time it is more oscillatory, so the time of approaching the steady-state is shorter.
In order to indicate the influence of the saturation upon the analysis of the faulty induction motor, two constant and non-liner permeability were included in the paper. Finally it was shown that there is considerable difference between the analysis results for both cases. 
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